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Abstract
Device-to-device (D2D) communication is a promising approach to efficiently disseminate critical or
viral information. Reaping the benefits of D2D-enabled networks is contingent upon choosing the optimal
content dissemination policy subject to resource and user distribution constraints. In this paper, a novel
D2D network analysis framework is proposed to study the impacts of frequently occurring subgraphs,
known as motifs, on D2D network performance and to determine an effective content dissemination
strategy. In the proposed framework, the distribution of devices in the D2D network is modeled as
a Thomas cluster process (TCP), and two graph structures, the star and chain motifs, are studied in
the communication graph. Based on the properties of the TCP, closed-form analytical expressions for
the statistical significance, the outage probability, as well as the average throughput per device, are
derived. Simulation results corroborate the analytical derivations and show the influence of different
system topologies on the occurrence of motifs and the D2D system throughput. More importantly,
the results highlight that, as the statistical significance of motifs increases, the system throughput will
initially increase, and, then, decrease. Hence, network operators can obtain statistical significance regions
for chain and star motifs that map to the optimal content dissemination performance. Furthermore,
using the obtained regions and the analytical expressions for statistical significance, network operators
can effectively identify which clusters of devices can be leveraged for D2D communications while
determining the number of serving devices in each identified cluster.
I. INTRODUCTION
The number of mobile devices, such as smart-phones and tablets, has significantly increased,
and almost half a billion mobile devices were added in 2016 [2]. This growth in mobile
devices has been accompanied by a rise in the need for pervasive wireless connectivity in
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2which users require to access their content of interest anywhere, anytime, and on any device.
One effective approach for such large-scale content dissemination is to use device-to-device
(D2D) communication links, which can enable mobile devices to communicate directly without
infrastructure [3]–[7]. Compared with broadcasting contents by base stations (BSs), using D2D
communications for content dissemination can help better serve users at cell edges and users
that are not in the coverage of BSs [4]–[10]. Moreover, as each user can have different interests
on contents, the information broadcasted by BSs may not be useful for every user [11]–[13]. In
addition, D2D-based content dissemination can offload traffic from BSs and, thus, help alleviate
the network congestion [14]–[17]. However, when deploying D2D communications for content
dissemination, one must address two key challenges [4]–[17]: a) designing content dissemination
strategies for choosing the number of serving devices that can serve as seeds for disseminating
contents, and b) developing metrics to assess the content dissemination performance under
different network topologies.
First, in order to choose the optimal set of serving devices, one can leverage a communication
graph composed of D2D links and make use of graph-theoretic properties to identify the most
influential devices that can store popular content and to choose the number of serving devices
that maximizes the overall system throughput [8]–[13]. For example, in [8] and [9], the authors
use degree centrality, defined as the number of connected D2D links for every node, and identify
the set of nodes with high degree centrality as serving devices. Meanwhile, the works in [10] and
[11] focus on the betweenness centrality, which measures the fraction of shortest paths passing
through a focal node, to identify the set of serving devices for D2D content dissemination
purposes. Moreover, the authors in [12] use the closeness centrality, computed by the sum of
distance between a node and all other nodes in the graph, to establish the strategy for choosing
the best set of serving devices. Furthermore, in [13], the authors first build the adjacency matrix
for D2D communication network, and then choose the set of serving devices by using the
eigenvector corresponding to the largest eigenvalue in the adjacency matrix.
Although the works in [8]–[13] exploit the graph-based properties, these works solely focus on
the low-order network connectivity, which can only capture the features at the level of individual
nodes and edges. In other words, these properties just measure the accumulation of influence from
one device on other devices or D2D links. However, for content dissemination, understanding
how information propagates among multiple nodes is critical, as such propagation can directly
capture the influence of one device on a group of devices. Moreover, the works in [8]–[13] do
3not conduct performance analysis for content dissemination under different network topologies.
To analyze the performance of content dissemination using D2D and derive tractable perfor-
mance metrics for coverage and data rate, it has become customary to use stochastic geometry
techniques [14]–[19]. For example, the authors in [14] derive the outage probability for an
arbitrary D2D link in a model where D2D receivers are uniformly distributed in a circular region
around the transmitters. Moreover, in [15], to capture the notion of device clustering, the authors
model the locations of the devices as a Poisson cluster process (PCP), and develop expressions
for coverage probability and area spectral efficiency. Furthermore, performance metrics, such as
outage probability and average data rate, are also analyzed for systems where the distributions
of BSs and devices follow the Poisson point process (PPP) as done in [16]–[19].
Nevertheless, these works in [14]–[19] do not consider multicast and multi-hop communica-
tions, which can extend the range of content dissemination and achieve a better performance than
single-hop D2D links [20]. In addition, these works are restricted to the modeling and analysis
of D2D communication, and do not consider any content dissemination policy or the choice of
the optimal set of serving devices. Although multicast and multihop communications have been
considered, respectively, in [21] and [22], these works do not study more practical scenarios in
which both types of communications exist. Moreover, the authors in [21] and [22] are restricted
to D2D systems with uniformly and independently distributed BSs and devices. However, due
to the similarity of users’ content interests, devices can group together within given areas, e.g.,
libraries, and form clusters instead of being independently and uniformly distributed [15].
The main contribution of this paper is to propose a graph-based D2D network analysis
framework to determine the content dissemination strategy in clustered D2D networks where
both multicast and multi-hop communications exist. In particular, we first develop a framework,
based on stochastic geometry, that models the distribution of device groups within the D2D
network as a cluster process. Then, we build a D2D communication graph based on the distance
distribution among devices and explore frequently occurring network subgraphs, also known as
graph motifs, to capture content propagation patterns in a group of devices. Next, we theoretically
analyze the occurrences for two types of graph motifs, i.e., chain (multi-hop) and star (multicast)
motifs, and conduct rigorous performance analysis for D2D and cellular devices. Finally, based
on the theoretical analysis, we determine guidelines for designing effective content dissemination
strategies in D2D-enabled cellular networks. To our best knowledge, this is the first work that
exploits network motifs to analyze the performance of content dissemination in D2D-enabled
4cellular networks. The novelty of this work lies in the following key contributions:
• We explore occurring network structures, known as graph motifs, to capture content propaga-
tion patterns among a group of devices and theoretically analyze the occurrences of different
motifs in D2D networks. In particular, we model the distribution of devices as a Thomas
cluster process (TCP), where the devices are normally scattered around the central points.
Then, based on the distance distribution between two arbitrary devices in the network, we
formulate a distance-based graph. Also, we derive tractable expressions for the statistical
significance to capture the occurrences of two types of motifs, chain and star motifs that
respectively capture multi-hop and multicast communications.
• We conduct a comprehensive performance analysis for both D2D chain and star motifs.
In particular, we derive closed-form and tractable expressions for the average throughput
for D2D and cellular devices, in presence of motifs. Moreover, we also derive the outage
probabilities for both chain and star motifs.
• Extensive simulation results are used to corroborate the analytical results. In particular, we
can observe the influence of different system topologies on the occurrence and the outage
probability of motifs and the system throughput. Moreover, the results highlight that as the
statistical significance of motifs increases, the system throughput will initially increase, and,
then, decrease.
• The proposed framework provides important guidelines for designing effective content
dissemination strategies in D2D-enabled cellular networks. In particular, using the derived
expressions and the simulation results, network operators can determine the statistical sig-
nificance regions for different motifs that map to the optimal system throughput. Moreover,
by comparing the motifs’ statistical significance in each cluster with the optimal regions, the
operators can identify which clusters can be optimally leveraged for D2D communications.
In addition, based on the analytical derivations on the statistical motif occurrence, one can
also determine the number of serving devices in each identified cluster.
The rest of the paper is organized as follows. Section II presents the system model and key
assumptions. In Section III and Section IV, we conduct graph motifs based analysis for D2D
networks and develop the performance-related metrics. Simulation results are provided in Section
V and conclusions are drawn in Section VI.
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Fig. 1. System model that follows a TCP.
II. SYSTEM MODEL
Consider a cellular network composed of a single BS and a number of devices that can
communicate with the BS over cellular links as well as directly exchange information with one
another via D2D communications, as shown in Fig. 1(a). Here, devices with injected contents
from the BS are referred to as seeding nodes, and those that obtain the content from nearby
devices are called non-seeding nodes. Moreover, due to the similarity of users’ interests, devices
can concentrate at the same area, such as a library or a stadium, and the grouped devices will
form clusters [9]–[13]. Such a cluster-based model has been recently introduced in [12] as
an effective and practical approach to model D2D communication networks and study content
dissemination. In addition, as done in [23], to avoid the interference between cellular and D2D
links, we consider a D2D overlay system in which the available bandwidth w is partitioned into
w1=βw for D2D links and w2 = (1−β)w for cellular links, where β ∈ (0, 1).
To capture the non-uniform, cluster-based distribution of devices in the network, we consider
a TCP composed of a parent point process and a daughter point process [24]. In particular, as
shown in Fig. 1(b), we model the distribution of the parent points (center points of the clusters)
as a PPP Φp with density λp. Also, the daughter points (devices) in each cluster are normally
scattered with variance σ2 around the corresponding parent point x ∈ Φp [24]. Note that the
locations of daughter points, with respect to the corresponding parent point, are independent and
identically distributed (i.i.d.) variables [24].
6A. D2D Communication Graph
As shown in Fig. 1(a), we arbitrarily select a cluster with parent point xr ∈ Φp, considered
as a representative cluster Cr. In cluster Cr, seeding nodes can disseminate popular contents to
other devices via D2D links. Nonetheless, due to limited transmit power and different interests
on contents, devices belonging to cluster Cr will not communicate with other clusters. Hence,
in cluster Cr, we can model the D2D network as a directed acyclic graph G=(Φxr , Exr), whose
vertices are devices in the set Φxr and whose edges, within the set Exr , are D2D links among
devices in the cluster. In particular, each D2D link can be defined as a 2−tuple edge, e =<i, j>,
i, j ∈ Φxr , where device i and device j are the transmitter and the receiver, respectively. Here,
as the existence of a D2D link between a pair of devices is determined by many factors, such as
social or business relationship [9] and distance [25], we assume that a device may communicate
with any arbitrary nearby device as long as the distance between them is below the maximum
allowable communication distance sth as done in [25] and [26]. Moreover, if there exists a graph
G′=(Φ′xr , E ′xr) with Φ′xr⊆Φxr and E ′xr⊆Exr , the graph G′ is a subgraph of G. For analytical
tractability, we assume that the number of devices in each cluster is N . As will be clear from
the following discussion, although the total number of devices in each cluster is the same, the
number of active D2D links varies from one cluster to another, which maintains the generality
of the model.
By focusing on cluster Cr, we can observe that groups of D2D links can form various
subgraphs with different structures, which can show how the content propagates among a group
of devices. For example, as shown in Fig. 1(a), two D2D links can share the same transmitter,
and the receiver of one link can act as the transmitter of another D2D link. To characterize
D2D subgraphs appearing in the network, we exploit the notion of graph motifs, defined as
subgraphs that appear in a network significantly more than in a baseline system, such as the
random graph where edges are randomly assigned to a pair of arbitrary devices [27]. In particular,
as a customary for the study of motifs, we use the Z-score to measure the statistical significance
of different motifs in the clustered-based network and the Z-score is defined as [28]:
Z =
co − cr
εr
, (1)
where co is the number of occurrences of a given motif in the network, and cr and εr denote,
respectively, the mean and the standard deviation of motif’s occurrence in the baseline system.
7For the baseline system, we use a random graph model that shares the same total number of D2D
links existing in graph G, but randomly rewires each link between an arbitrary pair of devices
[29]. Note that, a positive Z-score means that the subgraph is not likely to randomly occur
without following any pattern. Meanwhile, a larger Z-score implies a more frequent occurrence
of the corresponding motif in the D2D communication network.
In addition, we assume that each seeding device can disseminate content to multiple non-
seeding devices, and non-seeding devices are capable of forwarding the content to others.
Therefore, as illustrated in Fig. 1(a), for any group of three devices, we can observe two types
of communication motifs – the star motif and the chain motif. The star motif can be viewed
as a multicast link in which the seeding device disseminates its content to two non-seeding
devices, and is captured by two edges sharing the same first element in the communication
graph. Meanwhile, the chain motif can be considered as a two-hop D2D link and we also
assume that the chain motif follows a decode-and-forward relaying protocol [30]. In particular,
the seeding device will first send its content to a non-seeding device in one time slot, which
functions as a relay propagating the content to another non-seeding device in the next time slot.
Similarly, for the chain motif in the graph, there exists two edges connecting three devices,
and the second element of one edge is the first element of the next edge. Here, we focus on
three-device motifs, and, thus, the maximum number of motifs in a cluster is Nm = bN3 c, where
any arbitrary two motifs do not share common devices and devices in each group are randomly
and uniformly selected.
B. Channel Model and Interference Analysis
We model the channel for the D2D link < i, j >, i, j ∈ Φxr , in cluster Cr centred at xr ∈ Φp
as a Rayleigh fading channel. Hence, the received power is given by Pij = Pthijd−αij , where Pt is
the transmit power of each device, hij is the channel gain that follows an exponential distribution
with mean equal to 1, dij is the corresponding distance between any two devices i and j, and α
is the path loss exponent. Similar to the bandwidth allocation in [31], in a star motif, we assume
that the two D2D links will split the frequency resources evenly and each link uses half of the
bandwidth, w1
2
. Meanwhile, in a chain motif, the first and second D2D links will reuse the same
resource, w1, at two consecutive time slots. Therefore, due to the co-channel deployment of D2D
links, the receiving nodes will encounter interference from other D2D links, irrespective of their
motif types. We designate the interference on device j generated from devices in cluster Cr as
8the intra-cluster interference Ixrj−intra, and the interference from devices within other clusters as
the inter-cluster interference Ixrj−inter. The two types of interference are given by:
Ixrj−intra =
∑
y∈Φxr\{i,j}
1yPthyjd
−α
yj , I
xr
j−inter =
∑
x∈Φp\xr
∑
y∈Φx
1yPthyjd
−α
yj , (2)
where the indicator variable 1y = 1 if device y is transmitting data to other devices via D2D
link; otherwise, 1y = 0. For a large D2D network, the thermal noise power at the receiver
will be substantially smaller than the received interference power [32]. Thus, the expression of
the signal-to-interference-plus-noise ratio (SINR) of the D2D link can be approximated to the
signal-to-interference ratio (SIR) as follows
δij ≈
Pthijd
−α
ij
Ixrj−intra + I
xr
j−inter
. (3)
Since we consider a single-cell scenario and the BS will transmit contents to seeding devices in
different time slots, the seeding devices will experience no interference and their signal-to-noise
ratio (SNR) will be:
δbj =
Pbhbjd
−α
bj
Pn
, (4)
where Pb is the transmission power of the BS, hbj is the channel gain that follows an exponential
distribution with mean equal to 1, dbj represents the distance between the BS and device j, and
Pn captures the power of the background noise. Moreover, we can find the achievable data rate
R for D2D links and cellular links, according to R=w3 log2(1+δ), where w3 is the assigned
bandwidth. Note that, we can also extend our work to a multiple-cell model. To do so, one must
take into account the additional interference generated by the different BSs and devices under
the coverage of these BSs.
C. Relationship between the Occurrence of Motifs and the D2D System Throughput
Since the number of D2D links in each three-node motif is two, the expected number of
D2D links in the baseline system is 2co. The probability of one pair of arbitrary devices being
connected by a D2D link in the baseline system is thereby Pr = 2co(Nm2 )
. In this case, the probability
with which three devices in the baseline system form either a chain motif or a star motif is
Pm =
(
3
1
)
P2r(1−Pr). Moreover, we can verify the mean cr = NmPm and the standard deviation
σr =
√
NmPm(1− Pm) of a motif’s occurrence in the baseline system. Furthermore, based on
(1), we can also derive dZ
dco
> 0, when co ≥ 1, indicating that the Z-score is an increasing
function of the occurrence co of the motif.
9Due to the co-channel deployment of D2D links, interference will increase as the frequency
of occurrence of any given motif increases. Also, as the Z-score is an increasing function of the
occurrence of a motif, interference will increase when the Z-score increases. Thus, for clusters
having higher Z-scores, content dissemination via D2D communications will experience a high
interference, thereby degrading the dissemination throughput. On the other hand, for clusters
with a smaller Z-score, only a limited number of D2D links can be formed, resulting in a low
spectral reuse. Therefore, we need to find the Z-score region, which can yield an optimal system
performance. Given such a Z-score region, the network operator can identify clusters that can
be used for D2D communications by just comparing any given Z-score of the clusters with the
optimal region. Moreover, as the Z-score is directly linked to the occurrence of motifs in the
communication network, the number of seeding devices in each identified cluster can be also
determined.
However, due to the lack of closed-form expressions that link the Z-score and the wireless
throughput, directly finding the Z-score region that yields the optimal system performance is
challenging. Nevertheless, we can observe that the value of the Z-score depends on number of
devices N , their locations, and the maximum communication distance sth. In addition, the system
throughput is also a function of these three parameters. Therefore, instead of finding a direct
relationship between the Z-score and the system throughput, one can alternatively determine the
analytical expressions of the Z-score and the system throughput as functions of their common
parameters. Using such analytical expressions, the BS can calculate the Z-score and the system
throughput corresponding to the same parameter settings, and further observe how the system
throughput changes as the Z-score of motifs varies. The changes of the system throughput
as function of the Z-score can enable network operators to disclose the relationship between
the occurrence of motifs and the system performance, and further determine the Z-score region
which maps to the optimal system throughput. Next, we will first leverage the distance distribution
among devices and the stochastic properties inherent in the TCP to derive tractable expressions
for the Z-scores of chain and star motifs and the system throughput. Also, we will further identify
the hidden relationship between motifs and the system performance via numerical results and
determine the content dissemination strategy for clustered networks.
III. STATISTICAL SIGNIFICANCES OF STAR AND CHAIN MOTIFS
In this section, for an arbitrarily chosen group of three devices in cluster Cr, we use the
distance distribution between any two randomly and uniformly selected points to derive the
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probability of the content dissemination pattern among three devices being either a star or chain
motif. Based upon the probability of occurrence, we can derive closed-form expressions for the
Z-scores.
A. Distance Distribution
We arbitrarily select a group of three devices in cluster Cr, and due to the stationarity of the
TCP, we treat an arbitrary device out of these three devices as a typical point located at the
origin. In addition, we assume that the location of the parent point is at xr ∈ Φp, and the other
two devices are located at y1 and y2 relative to the parent point. Therefore, according to the
definition of the TCP in Section II, y1 and y2 are distributed according to a symmetric normal
distribution with the variance σ2 around the parent point xr, and the parent point also follows
a zero mean symmetric normal distribution with the variance σ2 relative to the origin point.
Additionally, xr, y1, and y2 are i.i.d. variables, xr, y1, y2 ∈ R2.
Furthermore, we denote {Di}i=1,...,N−1 as the distance set from the typical point to another
uniformly selected point in the same cluster. In particular, the realization of {Di}i=1:N−1 is
di = ||xr+yi||, i=1, . . . , N − 1. Conditioned on the distance from the typical point to the parent
point sr = ||xr||, the probability density function (PDF) of di follows a Rician distribution [32]:
fD(di, sr;σ
2) =
di
σ2
exp
(
− d
2
i + s
2
r
2σ2
)
I0
(
disr
σ2
)
, di, sr ≥ 0, (5)
where I0(·) is the modified Bessel function of first kind with zero order. Conditioned on sr =
||xr||, the elements in {Di} are i.i.d. variables as shown in [32]. Moreover, the authors in [32]
also conclude that, when the distances from the typical point to the parent points of other clusters
are a fixed value, the distances between the typical device at the origin and the devices in other
clusters are also i.i.d. variables and follow Rician distributions. As it will be clear from the
following discussion, we use this property to calculate inter-cluster interference. In addition,
according to the definition of the TCP, the distance sr follows a Rayleigh distribution with scale
parameter σ and with the following PDF:
fS(sr;σ
2) =
sr
σ2
exp
(
− s
2
r
2σ2
)
, sr ≥ 0. (6)
B. Probability of Occurrence of Motifs
Based on the distance distribution obtained in Section III-A, we can derive the probability
with which a group of three arbitrary devices will form either a chain or star motif. First, we can
observe that, for both chain and star motifs, there is a node capable of directly communicating
11
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Fig. 2. Possible scenarios of three-node motifs. Node 1 is a typical node capable of directly communication with
nodes 2 and 3. Nodes shown in grey color are seeding devices.
with the other two devices. Hence, if we consider a device with two direct D2D links as a
typical point located at the origin, we can express the distance from the typical point to the
other two uniformly and randomly selected devices as the norm of m = xr + y1 ∈ R2, and
n = xr + y2 ∈ R2, where m = (m(1),m(2)), n = (n(1), n(2)), and xr = (x(1)r , x(2)r ). According to
the definition of a TCP, xr + y1 and xr + y2 are zero mean complex Gaussian random variables
with variance 2σ2. Thus, s1 = ||m|| and s2 = ||n|| follow the Rayleigh distribution with scale
parameter
√
2σ. Due to the common element, xr, in m and n, the distances s1 and s2 will be
correlated. Based on the distribution and correlation between s1 and s2, next, we can obtain the
joint probability of both s1 and s2 being smaller than sth.
Theorem 1. Given that s1 = ||m|| and s2 = ||n|| follow Rayleigh distributions and are correlated,
the joint probability of both s1 = ||m|| and s2 = ||n|| being smaller than sth is:
PS,S(sth, sth) =
3
4
∞∑
k=0
(1
2
)k γ (1 + k, s2th
3σ2
)
(k!)
2 , (7)
where γ(·, ·) refers to the lower incomplete gamma function, defined as γ(a, b) = ∫ b
0
ca−1e−cdc.
Proof: See Appendix A. 
In (7), PS,S(sth, sth) represents the probability that a typical device can build D2D links with
two other devices uniformly and randomly chosen from the cluster, irrespective of the link
direction. Since a receiving device cannot access the content from multiple transmitters, and
a transmitter can spread content to at most two devices simultaneously, PS,S(sth, sth) is the
probability with which any three devices can form either the star motif or the chain motif. For
ease of exposition, we use the term “three-node motifs” to refer to the union of the star and
chain motifs, and replace PS,S(sth, sth) with PS,S hereinafter. Moreover, as shown in Fig. 2, there
are three possible scenarios for a random three-node motif where two possible scenarios are
chain motifs and one scenario is the star motif. Without loss of generality, we assume that each
12
node in the three-node motif can be the seeding node with equal probability. In other words,
each scenario will occur with equal possibility. In this case, the probability of one three-node
motif being a star motif is θ = 1
3
, and the probability of forming a chain motif will be 1−θ = 2
3
.
C. Z-scores for chain and star motifs
To calculate the Z-scores for the chain and star motifs, we must derive the occurrence of
these two motifs in cluster Cr and compare it with the baseline system. First of all, we can
express the probability of n groups of three-node motifs existing in a cluster as
(
Nm
n
)
(PS,S)n(1−
PS,S)Nm−n, n ≤ Nm. Using the properties of the binomial distribution, the expected number co
of three-node motifs in the network with distance will be co = Nm × PS,S . Accordingly, the
expected numbers of occurrence for the star and chain motifs are given by
cstaro = θNm × PS,S, cchaino = (1− θ)Nm × PS,S. (8)
For the baseline system, we can derive the probability of one pair of arbitrary devices being
connected by a D2D link as follows:
Pr =
2co(
Nm
2
) = 4PS,S
Nm − 1 . (9)
In this case, the probability with which three devices form a three-node motif is
(
3
1
)
(Pr)2(1−Pr).
Furthermore, the probabilities of being a star motif or a chain motif in the baseline system
are 3θ(Pr)2(1 − Pr), and 3(1 − θ)(Pr)2(1 − Pr), respectively. Similarly, by using the binomial
distribution, we can express the mean cstarr and the standard deviation ε
star
r for the star motif and
the counterparts cchainr and ε
chain
r for the chain motif in the baseline system as
cstarr =
48θNm(PS,S)2(Nm − 1− 4PS,S)
(Nm − 1)3 , (10)
cchainr =
48(1− θ)Nm(PS,S)2(Nm − 1− 4PS,S)
(Nm − 1)3 , (11)
εstarr =
√
48θNm(PS,S)2(Nm − 1− 4PS,S)
(Nm − 1)3
(
1− 48θNm(PS,S)
2(Nm − 1− 4PS,S)
(Nm − 1)3
)
, (12)
εchainr =
√
48(1−θ)Nm(PS,S)2(Nm−1−4PS,S)
(Nm − 1)3
(
1− 48(1−θ)Nm(PS,S)
2(Nm−1−4PS,S)
(Nm − 1)3
)
.
(13)
After obtaining the occurrence information for both motifs in cluster Cr and the baseline
system, we can derive the Z-scores for both motifs.
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Fig. 3. Illustration of the inter- and intra-cluster interference to the representative star motif.
Remark 1. By using the analytical results in (1), (8) and (10)-(13), the expressions of Z-scores
for both motifs in the D2D system can be determined. In fact, (8) captures the expected number
of occurrences for chain and star motifs in cluster Cr. Also, (10)-(13) represent the mean and
standard variance of the occurrences for both motifs in the baseline system.
As observed from Theorem 1, the joint probability PS,S is a function of the total number of
devices N , the distribution variance σ2, and the maximum allowable distance sth. Therefore, we
can conclude that the value of the Z-score is also dependent on N , σ2, and sth. Note that the
network operator is capable of estimating parameters, such as the variance σ2, for the distribution
of devices in each cluster based on the long-term observation [33]. In this case, the operator can
calculate the Z-score for each motif without collecting data from devices, decreasing the uplink
traffic overhead especially when the number of devices is large.
IV. EXPECTED AVERAGE THROUGHPUT AND OUTAGE PROBABILITY
To analyze the performance of the content dissemination strategy under different clustered
network topology parameters, we use the distance distribution properties inherent in the TCP to
calculate the expected throughput for D2D and cellular devices. Moreover, the outage probabil-
ities for the chain and star motifs are also derived.
A. Expected Throughput for Non-Seeding Devices in the Star Motif
As shown in Fig. 3, we choose an arbitrary star motif as a representative star motif Ms in
cluster Cr. In motif Ms, the two receiving devices, j and k, will access data via D2D links from
the seeding device, i, located at the origin. Moreover, we assume that the set of seeding devices
in star motifs as Tx in the cluster x ∈ Φp, and the number of elements in Tx cannot be greater
than Nm.
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Next, we take device j as an example and conduct Laplace transforms for the intra- and
inter-cluster interference encountered by device j. Based on the derived Laplace transforms,
we can study the performance-related metrics, such as the outage probability and the expected
throughput. According to the stationarity of the TCP and the symmetry between the two receiving
devices in the star motif, the Laplace transforms of the intra- and the inter-cluster interference
for device j can apply to another device k and receiving devices in other star motifs.
Lemma 1. For device j in the star motif, the Laplace transform of the intra-cluster interference
can be expressed as
Lstarj-intra(s) =
(∫ ∞
0
1
1 + sPtv
−α
1
fV1(v1)dv1PS,S + 1− PS,S
)Nm−1
, (14)
where fV1(v1) = fS(v1; 2σ
2), v1 ≥ 0.
Proof: See Appendix B. 
The Laplace transform of the inter-cluster interference is derived next.
Lemma 2. For device j in the star motif, the Laplace transform of the inter-cluster interference
is given by
Lstarj-inter(s)=exp
(
−λp2pi
∫ ∞
0
(
1−
(∫ ∞
0
1
1 + sPtv
−α
2
fV2(v2|t)dv2PS,S + 1− PS,S
)Nm)
tdt
)
,
(15)
where fV2(v2|t) = fD(v2, t; 3σ2), v2 ≥ 0.
Proof: See Appendix C 
Considering that content dissemination within a star motif will not occur an outage if and
only if the SIR for both D2D links in the star motif exceed the minimum requirement δth [30],
then the outage probability for the star motif can be derived as follows.
Theorem 2. The outage probability for the star motif is given by:
Pstaroutage(δth) = 1−
(∫ ∞
0
Lstarj-inter
(
δth
Pt
rα1
)
Lstarj-intra
(
δth
Pt
rα1
)
fR1(r1)dr1
)2
, (16)
where fR1(r1) = fS(r1; 2σ
2), r1 ≥ 0,
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Proof: We first calculate the SIR distribution for a D2D link to obtain the probability of a D2D
link meeting the minimum SIR requirement:
Pstarj (δth) = E(P{δj > δth})
= E
[
P
(
hij >
δth
Pt
(Ixrj-intra + I
xr
j-inter)||xr + yj||α
)]
(a)
= E
[
E
[
exp
(
−δth
Pt
(Ixrj-intra + I
xr
j-inter)||xr + yj||α
)]]
(b)
=
∫ ∞
0
Lstarj-inter
(
δth
Pt
rα1
)
Lstarj-intra
(
δth
Pt
rα1
)
fR1(r1)dr1, (17)
where (a) follows the fact that the channel gain hij∼exp(1) for a Rayleigh fading channel.
In (b), we substitute r1 with ||xr+yj|| and use polar coordinates. Note that the probability in
(17) can also apply to the link between devices i to k, due to the symmetry between devices j
and k. As outage will not occur when the SIR of both links exceeds the threshold δth, we use
the probability in (17) for both D2D links in the star motif to derive the outage probability in
(16). 
Since Rj = w12 log2(1 + δj), Rj < R will yield δj < 2
2R
w1 − 1. Thus, after replacing δth with
2
2R
w1 − 1 in (17), we can have the CDF of the throughput for receiving devices in the star motif.
Corollary 1. Based on the distribution of the SIR, the CDF of the throughput for receivers in
the star motif can be derived as follows:
P(Rj < R) = 1−
∫ ∞
0
Lstarj-inter
(
2
2R
w1 − 1
Pt
rα1
)
Lstarj-intra
(
2
2R
w1 − 1
Pt
rα1
)
fR1(r1)dr1. (18)
By using the relationship between the CDF and the expected value, we are able to obtain the
expected throughput of receiving devices in the star motif in the following corollary.
Corollary 2. The expected throughput for receivers in the star motif is given by:
Estar =
∫ ∞
0
(1− P(Rj < R))dR
=
∫ ∞
0
∫ ∞
0
Lstarj-inter
(
2
2R
w1 − 1
Pt
rα1
)
Lstarj-intra
(
2
2R
w1 − 1
Pt
rα1
)
fR1(r1)dr1dR. (19)
B. Expected Throughput for Non-Seeding Devices in the Chain Motif
As illustrated in Fig. 4, we also choose an arbitrary representative chain motif Mc in cluster
Cr. In motif Mc, the seeding device i first transmits its data to j, which is at the origin and
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Fig. 4. Illustration of the inter- and intra-cluster interference to the representative chain motif.
will subsequently propagate the data to device k. Similar to the receiving devices in the star
motif, device k in a chain motif also accesses its content from the transmitter at the origin.
Therefore, the Laplace transforms of the intra- and inter-cluster interference given by (14) and
(15), and the probability in (17) can be directly applied to the D2D link between device j and k.
In contrast, due to the different assigned bandwidth, the CDF and the expected throughput must
be re-calculated. Moreover, unlike device k, device j located at the origin has different distance
distribution to the serving device and the devices that generate interference from receiving nodes
in the star motifs. Hence, to obtain the expression of the throughput, we need to derive the Laplace
transforms of the intra- and inter-cluster interference for receiving device j in the chain motif.
Lemma 3. For the typical device j in the chain motif, the Laplace transform of the intra-cluster
interference, conditioned on the distance from the typical point to the parent point sr = ||xr||,
is given by
Lchainj-intra(s|sr) =
(∫ ∞
0
1
1 + sPtv
−α
3
fV3(v3|sr)dv3PS,S + 1− PS,S
)Nm−1
, (20)
where fV3(v3|sr) = fD(v3, sr;σ2), v3 ≥ 0.
Proof: See Appendix D. 
Lemma 4. For the device j in the chain motif, the Laplace transform of the inter-cluster
interference is given by
Lchainj-inter(s)=exp
(
−λp2pi
∫ ∞
0
(
1−
(∫ ∞
0
1
1 + sPtv
−α
4
fV4(v4|t)dv4PS,S + 1− PS,S
)Nm)
tdt
)
,
(21)
where fV4(v4|t) = fD(v4, t;σ2), v4 ≥ 0.
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Proof: See Appendix E. 
As the D2D link between devices i and j and the link between j and k share the same band-
width and the locations of j and k follow the same point process, the interference encountered
by these two devices j and k can be correlated [24]. In the following theorem, we consider such
interference correlation and calculate the outage probability for the chain motif.
Theorem 3. Taking into the interference correlation between two devices j and k, the outage
probability of the chain motif can be given by:
Pchainoutage(δth) =
∫
R2
∫
R2
∫
R2
1−exp
(
−λp
∫
R2
[
1−
(∫
R2
[
1−p+pLh
(
δth
||xr+yi||−α (||x+y||)
−α
)]
[
1−p+pLh
(
δth
||(xr+yk)||−α (||x+y−(xr+yk)||)
−α
)]
1
2piσ2
exp
(−||y||2
2σ2
)
dy
)]
dx
)
dyidykdxr, (22)
where p = Nm×PS,S
N
, and Lh(·) represents the Laplace transform of the fading distribution.
Proof: See Appendix F. 
Even though Theorem 3 characterizes the interference in presence of correlation, one can see
from (22) that this expression can be computationally complex to derive. As such, in order to
obtain a more tractable result, hereinafter, we consider a special case where there is no correlation
between the interference encountered by devices j and k. Such a case has been considered in
recent works such as [22] and [34]. Next, the simplified outage probability for the chain motifs
is calculated.
Corollary 3. When there is no correlation between the interference experienced by two receivers
in the chain motif, the outage probability of chain motifs is
Pchainoutage(δth) = 1−
(∫ ∞
0
Lstarj-inter
(
δth
Pt
rα1
)
Lstarj-intra
(
δth
Pt
rα1
)
fR1(r1)dr1
)
×(∫ ∞
0
∫ ∞
0
Lchainj-inter
(
δth
Pt
rα2
)
Lchainj-intra
(
δth
Pt
rα2 |sr
)
fR2(r2|sr)fSr(sr)dr2dsr
)
, (23)
where fR2(r2|sr) = fD(r2, sr;σ2), r2 ≥ 0, and fSr(sr) = fS(sr;σ2), sr ≥ 0.
Proof: See Appendix For the D2D link from device i to j, the probability of the D2D link from
device i to j meeting the minimum SIR threshold is
Pchainj (δth) = E(P{δj > δth})
= ER
[
P
(
hij >
δth
Pt
(Ixrj-intra + I
xr
j-inter)||xr + yj||α
)]
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= ER
[
E
[
exp
(
δth
Pt
(Ixrj-intra + I
xr
j-inter)||xr + yj||α
)]]
(a)
=
∫ ∞
0
∫ ∞
0
Lchainj-inter
(
δth
Pt
rα2
)
Lchainj-intra
(
δth
Pt
rα2 |sr
)
fR2(r2|sr)fSr(sr)dr2dsr. (24)
In (a), we first make a change of variables by setting r2 = ||xr + yj||, and, then, we perform
one de-conditioning in terms of r2 and another de-conditioning for sr, and finally convert the
coordinates from Cartesian to polar. Based on the distance distribution, we have fR2(r2|sr) =
fD(r2, sr;σ
2) and fSr(sr) = fS(sr;σ2). Then, since the outage will not occur if and only if the
SIR of both links exceed the threshold level, we can obtain (23). 
Similar to Corollary 1, we can replace δth with 2
R
w1−1 in (17) and (24) to obtain the throughput
CDF for the two D2D links in the chain motif. To calculate the throughput, we can observe
that the chain motif is equivalent to a two-hop network. According to the work in [35], if a
non-seeding node is connected to the seeding node through a multi-hop link with length l, the
achievable throughput of the non-seeding device is limited by 1/l times the minimum of all D2D
link rates over the multi-hop communication network. Therefore, we can derive the expected
throughput of non-seeding devices j and k in the following corollaries.
Corollary 4. Since device j is directly connected to seeding node i, the expected throughput is
Echain =
1
1
min
(∫ ∞
0
(1− (1− Pchainj (2
R
w1 − 1)))dR
)
=
∫ ∞
0
∫ ∞
0
∫ ∞
0
Lchainj-inter
(
2
R
w1 −1
Pt
rα2
)
Lchainj-intra
(
2
R
w1 −1
Pt
rα2 |sr
)
fR2(r2|sr)fSr(sr)dr2dsrdR. (25)
Corollary 5. Since device k connects to the seeding device i via a two-hop link, the expected
throughput is given by
E ′chain =
1
2
min
(∫ ∞
0
∫ ∞
0
Lstarj-inter
(
2
R
w1 − 1
Pt
rα1
)
Lstarj-intra
(
2
R
w1 − 1
Pt
rα1 |sr
)
fR1(r1)dr1dR,Echain
)
.
(26)
C. Expected Throughput for Seeding Devices
From the work in [32], conditioned on the distance between the parent point xr ∈ Φp and a
typical device at the origin, the distance between the device in cluster Cr and the typical device
follows a Rician distribution. Equivalently, if we set the condition as the distance z = ||xr − b||
between the parent point xr and the BS b, the distance r3 between the devices in the cluster
and the BS will also follow a Rician distribution fR3(r3|z) = fD(r3, z;σ2), z, r3 > 0. Similar
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to (18), we change the coordinates and replace the variables, and, then, the CDF of throughput
will be:
P (Rk < R) = 1−
∫
R2
∫
R2
− exp
(
2
R
w2 − 1
Pb
Pn||xr + y − b||α
)
fY (y)fX(xr)dxrdy
= 1−
∫ ∞
0
∫ ∞
0
− exp
(
2
R
w2 − 1
Pb
Pnr
α
3
)
fR3(r3|z)fZ(z)dr3dz, (27)
where r3 = ||xr + y − b||.
According to the distribution of parent points, z can be interpreted as the distance between
the BS and a point which is uniformly distributed in the area. Without loss of generality, we
assume that the BS is at the center of a square area of side 2L that contains all devices. Hence,
the CDF expression for the distance z will be:
FZ(z) =
1
4L2

piz2, 0 ≤ z ≤ L,
piz2 − 4 (z2 arccos (L
z
)− L√z2 − L2) , L ≤ z ≤ √2L,
1,
√
2L ≤ z.
(28)
We can then find the corresponding PDF as
fZ(z) =
1
2L2

piz, 0 ≤ z ≤ L,
piz − 4z arccos (L
z
)
, L ≤ z ≤ √2L,
0, otherwise.
(29)
Based on the relationship between the SIR and the expected throughput, we can obtain the
expression of the throughput in the next Lemma.
Lemma 5. For seeding devices within the D2D network, the expected throughput is given by
Eseeding =
∫ ∞
0
∫ ∞
0
∫ ∞
0
2
R
w2 − 1
Pb
Pnr
α
3 fR3(r3|z)fZ(z)dr3dzdR. (30)
D. Average Throughput per Device in the D2D Network
After obtaining the throughput for each device and the possibility of a three-node motif being
either a star or a chain motif, the expected average throughput per device in the D2D network
can be derived next.
Corollary 6. Based on (19), (25), (26), as well as (30), and the possibilities of a three-node
motif being either a star or a chain motif, the average throughput per device will be:
ER =
2cstaro Estar + c
star
o Eseeding + c
chain
o Echain + c
chain
o E
′
chain + c
chain
o Eseeding + Eseeding
N
20
Table. I. Simulation parameters.
Parameter Definition Value
Pb Transmission power of BS 46 dBm [36]
Pt Transmission power of devices 23 dBm [36]
N Number of devices in each cluster 25, 50, 100 [32]
σ2 Distribution variance 50, 100, 150 [32]
w Total system bandwidth 20 MHz [36]
β Bandwidth parameter 0.6
α Path loss exponent 4 [15]
δth Minimum SIR requirement 0 dB [15]
/ Noise spectral density −174 dBm/Hz
=
2cstaro Estar + c
chain
o Echain + c
chain
o E
′
chain + (co + 1)Eseeding
N
. (31)
We can observe that the average throughput per device in the content dissemination network
is dependent on the same factors on which the Z-scores of both the star and chain motifs
depend, namely, the distribution variance, the number of devices, and the maximum allowable
distance. Thus, both the system throughput and Z-score for motifs are functions of the same
network parameters, and, hence, the BS can calculate the Z-scores of chain and star motifs
and the system throughput corresponding to the same settings. These numerical results on the
Z-score and system throughput can help understand how the dissemination performance changes
when the occurrence of different motifs varies. Furthermore, the numerical results can also help
identify Z-score regions, which map to the optimal content dissemination performance, for both
chain and star motifs, as will also be evident from the subsequent simulation results.
V. SIMULATION RESULTS
Next, we present rigorous simulation results to validate the analytical derivations and show
the relationship between the occurrence of motifs and the content dissemination performance in
D2D-enabled cellular networks. In particular, we consider that wireless devices are distributed
within a square area of 1 km × 1 km. Also, for each D2D link, the transmitter is chosen
randomly. To observe the impacts of different network topology parameters on the occurrence
of motifs and the system throughput, we change the distribution variance and the cluster density.
Simulation parameters are summarized in Table I.
Fig. 5 shows the joint CDF PS,S of a group of three devices being a three-node motif versus
the communication distance sth for systems with λp = 20 cluster/km2 and σ2 = 50, 100, 150.
As shown in Fig. 5, we can observe that the simulation results corroborate the analytical results
21
0 10 20 30 40 50 60 70 80
Maximum D2D communication distance (m)
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Jo
in
t C
D
F
Simulation, <2=50
Analysis, <2=50
Simulation, <2=100
Analysis, <2=100
Simulation, <2=150
Analysis, <2=150
Fig. 5. Joint CDF versus threshold sth.
11 12 13 14 15 16 17 18 19 20
Maximum D2D communication distance (m)
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
O
ut
ag
e 
pr
ob
ab
ili
ty
Simulation, chain motif
Simulation, star motif
Analysis, chain motif
Analysis, star motif
Fig. 6. Outage probability versus threshold sth.
in Theorem 1. Moreover, as sth increases, PS,S increases. But, the increase varies differently for
different D2D systems. In particular, to achieve PS,S = 1, the sth for the D2D system with σ2 = 50
should be around 40 m, while the ones of systems with σ2 = 100, 150 are, respectively, close to
50 m and 60 m. This is due to the fact that, in the system with a smaller distribution variance,
devices are more likely to form three-node motifs. Furthermore, for a fixed distance threshold
sth, we can observe that the system with a lower variance will lead to a higher probability PS,S .
For example, when sth = 20 m, the values of PS,S are approximately 0.75, 0.45, and 0.28 for
the systems with σ2 = 50, 100, 150.
Fig. 6 shows the outage probability, for chain and star motifs, versus the D2D communication
distance sth with δth = 0 dB, σ2 = 100, and N = 25 in each cluster by using Theorem 2 and
Corollary 3. As illustrated in Fig. 6, the simulation results of the star motifs validate the analytical
results in Theorem 2. For the chain motifs, there are some mismatch between the simulation
and analytical results, which can be explained that we did not consider interference correlation
in Corollary 3. Moreover, we can observe that, as sth increases, the outage probabilities for both
motifs will increase. This is due to the fact that as the maximum distance increases, the D2D
system is more likely to have more motifs, leading to more interference and thereby a lower
SIR.
Fig. 7 shows the average throughput per device when σ2 = 100, λp = 5, 10, 20 cluster/km2,
and N = 50. In Fig. 7, we can observe that the simulation results of average throughout
corroborate the analytical derivations in Corollary 6. Moreover, Fig. 7 shows that the cluster
density λp plays an important role in determining the content dissemination performance. In
particular, when sth is small, the system with a smaller cluster density λp will have a higher
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throughput. However, when sth is above 30 m, the throughput of D2D systems with lower cluster
densities is almost equal to the counterpart for systems with higher cluster densities. In fact,
when sth is very small, both motifs barely exist in the networks and, thus, D2D links will
experience less intra-cluster interference. In this case, the system performance mainly depends
on the inter-cluster interference. Therefore, a system with a lower cluster density tends to have
a better performance than the one with a higher density. However, when sth is larger, more
and more three-node motifs will appear in the network, increasing both inter- and intra-cluster
interference. From the analytical results in Section IV, we can observe that, when the sth, N , and
σ2 are fixed, intra-cluster interference will be the same for systems with different λp. But, due
to the different cluster densities, the inter-cluster interference will be different. We can observe
that, when sth increases to 25 m, the average throughput is almost equal for all λp. This is can be
explained that, in such a case, the intra-cluster interference has a dominant effect on the system
performance.
Fig. 8 presents the Z-scores for the chain and star motifs versus the distribution variance
σ2. We can observe that, as the distribution variance σ2 increases, the Z-scores for both chain
and star motifs will decrease. The reason is that, for a fixed sth, as the variance σ2 increases,
both motifs are less likely to occur in the network. Moreover, we can observe that Z-scores
of chain motifs are higher than the counterparts for star motifs, indicating that chain motifs
are more likely to occur in network. It can be explained that star motifs need more restrictive
requirements, i.e., two different D2D links sharing the same seeding device. By combining the
results of Fig. 7 and Fig. 8 with the analytical derivations in Section III and Section IV, we can
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see that both the average throughput per device and the Z-scores for the motifs are dependent
on the same factors, i.e., σ2 and sth.
Fig. 9 shows the average throughput per device versus the Z-scores for the chain and star
motifs. Here, we consider a network with λp = 10 clusters/km2, σ2 = 100 and N = 50.
Moreover, we change the value of sth so that we can change the Z-scores for both motifs
as well as the system throughput. From Fig. 9, we can see that, for both motifs, the average
throughput is a concave function with respect to the Z-scores for both motifs. Moreover, there
exists Z-score regions for both chain and star motifs that lead to a higher throughput than points
in other Z-score regions. This stems from the tradeoff between received signal power over the
D2D communication links and the interference introduced from the increased number of D2D
links. In addition, the optimal Z-score regions will be different for star and chain motifs. For
example, for chain motifs, the Z-score region where the network can achieve at least 2 Mbps
throughput is from 21.71 to 21.92, and the counterpart for the star motif is from 15.35 to 15.47.
Fig. 10 shows the average throughput for D2D and cellular devices under different bandwidth
parameter β, when σ2 = 100, sth = 15 m, and λp = 10 clusters/km2. We can observe that
as the bandwidth parameter increases, the average D2D throughput will increase while the
throughput for cellular devices decreases. We can conclude that the system performance is
mainly determined by the average throughput of D2D devices. Therefore, when designing a
D2D system, the bandwidth parameter β should be properly chosen so that the D2D-enabled
cellular system can achieve the target performance.
From the simulation results shown in Figs. 7-10, we can observe that, as long as the operator
knows the Z-scores of the chain and star motifs appearing in the D2D communication networks,
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the achievable content dissemination performance, captured by the average throughput, can
be predictable. The predictable throughput can enable the operator to find the optimal Z-
score regions which can achieve the best dissemination performance. Hence, when using D2D
communications for content dissemination, the operators can identify the proper clusters to
achieve a targeted performance by verifying whether the Z-score is in the optimal region.
Furthermore, since the Z-score is directly linked to the number of occurrences of chain and star
motifs in the network, we can also determine the number of seeding devices in each identified
cluster. As such, based on the relationship between motif occurrence and content dissemination
performance, the operators can decide on how to identify proper clusters to leverage D2D
communications and further determine the number of seeding devices in each identified cluster
for the optimal content dissemination policy. Note that we can also use our proposed framework
to study the content dissemination policy for general motifs with more nodes. That is, we can
derive the corresponding Z-score for the motif of interest by calculating the expected number of
occurrence in the D2D network and random graph and the standard derivation of occurrence in
the random graph. Similar to the analysis for the three-node motifs, we can perform interference
analysis and calculate the outage probability and the system throughput. Therefore, we can
identify the relationship between the occurrence of the general motif and the system performance
by numerical results and design a suitable content dissemination policy for the network operator.
VI. CONCLUSION
In this paper, we have proposed a novel D2D network analysis framework to explore frequent
communication patterns across D2D users, known as spatial motifs, to optimize content dissem-
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ination in emerging cellular networks. In particular, we have utilized the stochastic geometry
to derive the analytical results of the frequency of occurrence for two common types of motifs
composed of three devices, and the performance metrics for each motif in the D2D-enabled
clustered network. Simulation results have corroborated the analytical derivations and shown
the impact of system topologies on the occurrence of motif and the average throughput. More
importantly, the simulation results have shed light on the relationship between the average
throughput and the motifs appearing in the D2D network. The derived relationship can be used
by network operators to obtain the statistical significance regions for different motifs observed
in the network, and to determine the content dissemination strategy – e.g., allocating bandwidth
to D2D links, determining number of seeding nodes – in future cellular networks. Therefore, by
implementing the proposed framework, the operator can obtain guidelines for designing effective
content dissemination strategies in D2D-enabled cellular networks.
APPENDIX
A. Proof of Theorem 1
To calculate the probability of both s1 = ||m|| and s2 = ||n|| being smaller than the distance
threshold sth, we first calculate the correlation coefficient existing between m and n as
ρ =
cov(m,n)
mn
=
cov(m,n)√
cov(m,m)
√
cov(n, n)
=
1
2
. (32)
where m and n are the standard deviations for m and n, respectively. Then, due to the fact
that both ||m|| and ||n|| follow Rayleigh distribution, we are able to have the joint cumulative
density function (CDF) as [37]
PS,S(s1, s2) =
3
4
∞∑
k=0
(
1
4
)k γ (1 + k, s21
3σ2
)
γ
(
1 + k,
s22
3σ2
)
k!Γ (k + 1)
, s1 ≥ 0, s2 ≥ 0, (33)
where Γ (·) represents to the complete gamma function, defined as Γ (a) = (a − 1)!. After
replacing s1 and s2 with sth and simplifications, we can obtain the joint CDF shown in (7).
B. Proof of Lemma 1
We conduct the Laplace transform of the intra-cluster interference of device j as
Lstarj-intra(s)
(a)
= E
exp
−s ∑
y∈Txr\yi
Pthyj ||yj − y||−α

= ETxr
 ∏
y∈Txr\yi
Ehyj [exp(−sPthyi||y − yj ||−α)]

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(b)
= ETxr
 ∏
y∈Txr\yi
1
1 + sPt||y − yj ||−α

(c)
=
Nm−1∑
k=0
(
E
[
1
1 + sPt||y − yj ||−α
])k
×
(
Nm − 1
k
)
(PS,S)k(1− PS,S)Nm−1−k︸ ︷︷ ︸
P(n=k)
(d)
=
Nm−1∑
k=0
(∫ ∞
0
1
1 + sPtv
−α
1
fV1(v1)dv1
)k
×
(
Nm − 1
k
)
(PS,S)k(1− PS,S)Nm−1−k
=
Nm−1∑
k=0
(
Nm − 1
k
)(∫ ∞
0
1
1 + sPtz
−α
1
fV1(v1)dv1PS,S
)k
× (1− PS,S)Nm−1−k
(e)
=
(∫ ∞
0
1
1 + sPtv
−α
1
fV1(v1)dv1PS,S + 1− PS,S
)Nm−1
, (34)
where (a) is the definition of Laplace transformation, (b) follows from assumption of Rayleigh
fading channel and the channel gain hyj ∼ exp(1), and the transformation in (c) is due to the
fact the locations of devices within the cluster are i.i.d. variables. We substitute v1 with ||y−yj||
and change the Cartesian to the polar coordinates in (d). Since both y and yj are i.i.d., and
follow zero mean complex Gaussian distribution with variance σ2, we have the PDF of v1:
fV1(v1) = fS(v1; 2σ
2), v1 ≥ 0. The change in (e) is based upon the binomial expansion of a
power of a sum [38].
C. Proof of Lemma 2
We can conduct Laplace transform for the inter-cluster interference as
Lstarj-inter(s)
(a)
= E
exp
−s ∑
x∈Φp\xr
∑
y′∈Tx
Pthyj ||x+ y′ − xr − yj ||−α

= EΦp
 ∏
x∈Φp\xr
ETx
 ∏
y′∈Tx
Ehyj [exp(−sPthyj ||x+ y′ − xr − yj ||−α)]

(b)
= EΦp
 ∏
x∈Φp\xr
ETx
 ∏
y′∈Tx
1
1 + sPt||x+ y′ − xr − yj ||−α

(c)
= EΦp
[ ∏
x∈Φp\xr
Nm∑
k=0
(
ETx
[
1
1 + sPt||x+ y′ − xr − yj ||−α
])k
×
(
Nm
k
)
(PS,S)k(1− PS,S)Nm−k︸ ︷︷ ︸
P(n=k)
]
(d)
= EΦp
 ∏
x∈Φp\xr
Nm∑
k=0
(∫
R2
fZ2(z2)dz2
1 + sPt||x+ z2||−α
)k
×
(
Nm
k
)
(PS,S)k(1−PS,S)Nm−k

(e)
= exp
(
−λp
∫
R2
(
1−
Nm∑
k=0
(∫
R2
fZ2(z2)dz2
1+sPt||x+z2||−α
)k
×
(
Nm
k
)
(PS,S)k(1−PS,S)Nm−k
)
dx
)
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(f)
= exp
(
−λp
∫
R2
(
1−
(∫
R2
fZ2(z2)dz2PS,S
1 + sPt||x+ z2||−α + 1− PS,S
)Nm)
dx
)
(g)
= exp
(
−λp2pi
∫ ∞
0
(
1−
(∫ ∞
0
fV2(v2|t)dv2PS,S
1 + sPtv
−α
2
+ 1− PS,S
)Nm)
tdt
)
, (35)
where fV2(v2|t) = fD(v2, t; 3σ2), v2 ≥ 0. The changes in (a), (b), (c), and (f) follow the same
reasons with (a), (b), (c) and (e) in (34). In (d), we assume z2 = y′ − xr − yi, where y′, xr,
and y1 are i.i.d. and follow zero mean complex Gaussian distribution with variance σ2. Hence,
z2 follows zero mean complex Gaussian distribution with variance 3σ2. (e) can be explained by
the probability generating functional (PGFL) of PPP [39]. In (g), we substitute the variable v2
with ||x+ z2|| and convert the coordinates from Cartesian to polar.
D. Proof of Lemma 3
We conduct the Laplace transform of the intra-cluster interference as
Lchainj-intra(s|sr)
(a)
= E
exp
−s ∑
y∈Tx\yi
Pthyj ||xr + y||−α

= ETx
 ∏
y∈Tx\yi
Ehyj [exp(−sPthyj ||xr + y||−α)]

(b)
= ETx
 ∏
y∈Tx\yj
Ehyj
[
1
1 + sPt||xr + y||−α
]
(c)
=
Nm−1∑
k=0
(∫
R2
fY (y)dy
1 + sPt||xr + y||−α
)k
×
(
Nm−1
k
)
(PS,S)k(1−PS,S)Nm−1−k︸ ︷︷ ︸
P(n=k)
=
Nm−1∑
k=0
(
Nm−1
k
)(∫
R2
1
1+sPt||xr+y||−α fY (y)dyPS,S
)k
× (1−PS,S)Nm−1−k
(d)
=
(∫
R2
1
1 + sPt||xr + y||−α fY (y)dyPS,S + 1− PS,S
)Nm−1
(e)
=
(∫ ∞
0
1
1 + sPtv
−α
3
fV3(v3|sr)dv3PS,S + 1− PS,S
)Nm−1
, (36)
where fR(v3|sr) = fD(v3, sr;σ2). The changes in (a), (b), (c), and (d) follow the same reasons
with (a), (b), (c) and (e) in (34). In (e), we change the variables by using v3 = ||xr + y|| and
convert from Cartesian to polar coordinates.
E. Proof of Lemma 4
We conduct Laplace transform for the inter-cluster interference as
Lchainj-inter(s)
(a)
= E
exp
−s ∑
x∈Φp\xr
∑
y′∈Tx
Pthyj ||x+ y′||−α

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= EΦp
 ∏
x∈Φp\xr
ETx
 ∏
y′∈Tx
Ehyj [exp(−sPthyi||x+ y′||−α)]

(b)
= EΦp
 ∏
x∈Φp\xr
ETx
 ∏
y′∈Tx
1
1 + sPt||x+ y′||−α

(c)
= EΦp
[ ∏
x∈Φp\xr
Nm∑
k=0
(∫
R2
fY (y
′)dy′
1+sPt||x+y′||−α
)k
×
(
Nm
k
)
(PS,S)k(1−PS,S)Nm−k︸ ︷︷ ︸
P(n=k)
]
(d)
= exp
(
− λp
∫
R2
(
1−
Nm∑
k=0
(∫
R2
1
1 + sPt||x+ y′||−α fY (y
′)dy′
)k
×
(
Nm
k
)
(PS,S)k(1− PS,S)Nm−k
)
dx
)
(e)
= exp
(
−λp
∫
R2
(
1−
(∫
R2
1
1+sPt||x+y′||−α fY (y
′)dy′PS,S+1−PS,S
)Nm)
dx
)
(f)
= exp
(
−λp2pi
∫ ∞
0
(
1−
(∫ ∞
0
1
1+sPtv
−α
4
fV4(v4|t)dv4PS,S+1−PS,S
)Nm)
tdt
)
, (37)
where fV4(v4|t) = fD(v4, t;σ2). The changes in (a), (b), (c) (d), and (e) follow the same reasons
with (a), (b), (c), (d), and (e) in (35). In (f), we change the variables by using v4 = ||x + y′||
and convert from Cartesian to polar coordinates.
F. Proof of Theorem 3
To derive the outage probability of chain motifs, we take into account the correlation in the
interference It1(j) and It2(k) in PCP networks, t1 6= t2, j 6=k, where It1(j) and It2(k) represent
the interference at time instant t1 received by device j and the interference at time instant t2
received by device k, respectively. The joint Laplace transform can be expressed as
L(s1, s2) = E exp
−s1 ∑
x∈Φj\i
Pthxj(t1)(||x||)−α − s2
∑
y∈Φk\j
Pthyk(t2)(||y − (xr + yk)||)−α

=E
∏
x∈Φ
exp
(−s11(x ∈ Φj\i)Pthxj(t1)(||x||)−α − s21(x ∈ Φk\j)Pthxk(t2)(||x− (xr + yk)||)−α)
(a)
=E
∏
x∈Φ
[
1−p+p exp (−s1Pthxj(t1)(||x||)−α)][1−p+p exp (−s2Pthxk(t2)(||x−(xr+yk)||)−α)]
(b)
=E
∏
x∈Φ
[
1− p+ pLh(s1Pt(||x||)−α)
] [
1− p+ pLh(s2Pt(||x− (xr + yk)||)−α)
]
(c)
= exp
(
− λp
∫
R2
[
1−
(∫
R2
[
1− p+ pLh(s1Pt(||x+ y||)−α)
]
[
1− p+ pLh(s2Pt(||x+ y − (xr + yk)||)−α)
] 1
2piσ2
exp
(−||y||2
2σ2
)
dy
)]
dx
)
. (38)
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In (a), we take into account the possibility of an arbitrarily selected node being a transmitter in
the network, where p = Nm×PS,S
N
. Since fading is independent across time and space, we move
the expectation with respect to fading inside in (b). The changes in (c) follow the PGFL of the
Neyman-Scott cluster process [39]. Based on the joint Laplace transform, the outage probability
of chain motifs can be calculated as
P chainoutage(δth) = 1− P[δij ≥ δth, δjk ≥ δth]
= 1− P
[
Pthijd
−α
ij
Ixrj−intra + I
xr
j−inter
≥ δth,
Pthjkd
−α
jk
Ixrk−intra + I
xr
k−inter
≥ δth
]
= 1− P
[
hij ≥
(
(Ixrj−intra + I
xr
j−inter)δth
Ptd
−α
ij
)
, hjk ≥
(
(Ixrk−intra + I
xr
k−inter)δth
Ptd
−α
jk
)]
(a)
= 1− E
[
exp
(
−(Ixrj−intra + Ixrj−inter)δth
Ptd
−α
ij
)
exp
(
−(Ixrk−intra + Ixrk−inter)δth
Ptd
−α
jk
)]
= 1− E
[
exp
(
−(Ixrj−intra + Ixrj−inter)δth
Ptd
−α
ij
+
−(Ixrk−intra + Ixrk−inter)δth
Ptd
−α
jk
)]
(b)
= 1− L
(
δth
Ptd
−α
ij
,
δth
Ptd
−α
jk
)
= 1− L
(
δth
Pt||xr + yi||−α ,
δth
Pt||xr + yk||−α
)
, (39)
step in (a) stems from the fact that the channel gain of Rayleigh fading channel follows an
exponential distribution, and in (b), we use the joint Laplace transform from (38). After replacing
s1, s2 with δthPt||xr+yi||−α and
δth
Pt||xr+yk||−α and considering the distribution of xr + yi and xr + yi,
we can have the results in Theorem 3.
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